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THE DISTRIBUTION OF THE FIRST ELEMENTARY DIVISOR OF THE 
REDUCTIONS OF A GENERIC DRINFELD MODULE OF ARBITRARY RANK 

ALINA CARMEN COJOCARU AND ANDREW MICHAEL SHULMAN 



Abstract. Let i/i be a generic Drinfeld module of rank r > 2. We study the first elementary divisor ^1^(1/1) 
of the reduction of ip modulo a prime p, as p varies. In particular, we prove the existence of the density 



o 

(N 

5, ' of the primes p for which di^p(4>) is fixed. For r = 2, we also study the second elementary divisor (the 

exponent) of the reduction of ip modulo p and prove that, on average, it has a large norm. Our work is 
motivated by the study of J. -P. Serre of an elliptic curve analogue of Artin's Primitive Root Conjecture, 
and, moreover, by refinements to Serre's study developed by the first author and M. R. Murty. 
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1. Introduction and statement of results 

A beautiful and fruitful theme in number theory is that of exploring versions of one given problem in both 
the number field and function field settings. In many instances, such explorations unravel striking analogies, 
shedding light to deep basic principles underlying the problem. In other instances, the number field and 
function field versions of the same problem turn out to be surprisingly different. 

This article is part of such dual investigations, where the problem is that of Frohenius distributions in GL- 
extensions, generated by elliptic curves over number fields and by Drinfcld modules over function fields. In 
particular, the article focuses on the problem of determining the distribution of the first elementary divisor 
of the reduction modulo a prime of a generic Drinfeld module, as the prime varies. Our main result is 
analogous to a generalization of a result of J. -P. Serre [Se], proven in [CoMu] and |Co3| . for the reductions 
modulo primes of an elliptic curve over Q. The techniques used in proving our main result lead to further 
applications, such as to Drinfeld module analogues of a result of W. Duke |Duj and of a recent result of T. 
Freiberg and P. Kurlberg |FrKu| . as we now explain. 

Let E/Q be an elliptic curve over Q, and for a prime p of good reduction, let Ep/¥p be the reduction 
of E modulo p. By the theory of torsion points of elliptic curves, there exist uniquely determined positive 
integers di^p{E),d2,p{E) such that 

Ep{¥p) ~z Z/di.p{E)Z X Z/d2.p{E)Z 

and 

di,p{E)\d2,p{E). 

In the theory of Z-modules, the integers di_p{E),d2^p{E) are called the elementary divisors of £'p(Fp), 
with the largest of them, ^2 = d2,p{E), called the exponent, having the property that d2X — for all 
X e Ep{¥p) (see the general definition in [La, p. 149]). 

The study of the growth of d2.p{E), as the prime p varies and E/Q is fixed, was initiated by R. Schoof 
[Sc] . who showed that, if 'Endg{E) ~ Z, then 

d^AE) » TT^^^V^- (1) 

(log log p)^ 

W. Duke [Du improved this bound substantially, but in an "almost all" sense. To be precise, Duke showed 
that, given any positive function / with lim f{x) = oo, then, as x — >■ oo, 

i^L<x:d2,p{E)>-i^\-7r{x), (2) 



unconditionally if EndgiE) 9^ Z, and conditionally upon the Generalized Riemann Hypothesis (GRH) if 
Fjud-Q^E) ~ Z; here, 7r(a;) denotes the number of primes p < x. By the "Riemann hypothesis for curves over 
finite fields" (Hasse's bound in this case), the numerator p in the growth -#t- of d2,p{E) above is nothing but 
the order of magnitude of ^Ep{Wp). Thus, roughly. Duke's result says that, for almost all p, the exponent 
of Ep{¥p) is almost as large as the order of Ep{¥p). This behaviour is also confirmed by a recent result of 
T. Freiberg and P. Kurlberg }FrKuj (see also the follow up papers by S. Kim |Kij and J. Wu | Wuj ) . in the 
following sense. Under the same assumptions as Duke's, Freiberg and Kurlberg showed that, as x — >■ 00, 

-l-J2d2,p{E)^c{E)x (3) 

for some explicit constant c{E) S (0, 1), depending on E. 

The proofs of ^ and ^ reduce to the analysis of sums of the form 

J2 #{P<^-d\di,p{E)} 

y<d<z 

for suitable parameters y = y{x),z — z{x). In particular, they reduce to an understanding of the first 
elementary divisor di^p{E). 

The study of di_p{E), as the prime p varies and -E/Q is fixed, has been carried out for over four decades 
and precedes the study of 8,2 ^p{E). Most notably, J. -P. Serre [Se] studied the distribution of the primes p for 
which di^p{E) = 1 in analogy to the study of the Artin primitive root conjecture, while M. R. Murty }Mu] 
and, later, the first author of this paper, refined and strengthened Serre's result, proving the following (see 
[Colj . |Co2j . [CoMuj ■ and |Co3j ): for any d G N, there exists an explicit constant 5E,ii{d) > such that, as 

X — > CX3, 

#{p < X : d^^p{E) = 4 ^ 5E,oXdXx), (4) 

unconditionally if End7j(-E) 9^ Z, and conditionally upon GRH if 'Eind^{E) ~ Z. Under GRH, Cojocaru 
and Murty |CoMuj (see also |Co3] ) showed that the error term in this asymptotic is 0_E,d ix^ilogx)^ J if 
EndQ(£;) ^ Z, and 0^,^ [xi{\ogx)i\ if EndQ(^) ~ Z. 

When considering the function field analogue of these problems, we are naturally led to Drinfeld modules. 
Indeed, the role played by elliptic curves over Q in number field arithmetic is similar to the one played 
by rank 2 Drinfeld modules over Fg(T) in function field arithmetic. Drinfeld modules also come in higher 
generalities, for example in higher ranks, and, as such, when suitable, we may focus on Drinfeld modules of 
arbitrary rank. 

To state our main results, we fix the following: q a prime power; A := ¥q[T]\ k := ¥q{T); K D k a finite 

field extension; V' : A — > K{t} a generic Drinfeld A-module over K, of rank r > 2. Here, r : x i-> a;"^ is the 

q-th power Frobenius automorphism and K{t} is the skew-symmetric polynomial ring in r over K (we will 

review definitions and basic properties in Sections 2 and 3). 
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By classical theory, all but finitely many of the primes p oi K are of good reduction for ip. We denote 
by V-^ the collection of these primes, and for each p e T'^, we consider the residue field Fp at p and the 
A-module structure on Fp, denoted ip{¥p), defined by the reduction i(; (E) p : A — > ^p{t} of ip modulo p. 

By the theory of torsion points for Drinfeld modules and that of finitely generated modules over a PID, 
there exist uniquely determined monic polynomials di^p{ip), . . . ^dr_p{ip) G A such that 

V-CFp) ~A A/di^,,{^j)A X ... X A/dr,p{^)A (5) 

and 

dl.p{ll})\...\dr,p{ll}). 

The polynomials di^p^ij}), . . . , dr,p{ip) are the elementary divisors of the A-module ip{¥p), with the largest 
of them, dr ~ dr^p{'>p), the exponent, having the property that drX = for all x G ip{¥p). Here, drX := 
{i:^¥p){dr){x). 

Associated to this setting, we introduce the following additional notation. Wc let F^ denote the constant 
field of K and ck '■= [F^ : Fg]; thus Wk = F^^^k . For a non-zero a e A, we let |a|oo := q'^^^a^ where dega is 
the degree of a as a polynomial in T. For a prime p of K, we let deg;^ p := [Fp : ¥k] and |p|oo '■— (f^ '^"^'^ ^ ■ 
We set 

t:k{x) ■- j^{p prime of K : deg^ p ^ x} 

and recall the effective Prime Number Theorem for K: 

7rK(x) = ^ + 0K(^-^). (6) 

X \ X I 

The first main result of the paper is: 

Theorem 1. Let q be a prime power, A := ¥q[T], k := ¥q{T), and K/k a finite field extension. Let 
Ip : A — ;■ K{t} be a generic Drinfeld A-module over K , of rank r > 2. Let d Cz A be monic. Then, as 

X — > oo, 

jif ^T, A ^ r i\ ^^ / \ Sr^ fiA{m)cmdix) , . 

#{peV^:degi,p = x,d,,p{i^)^d}^7rK{x) ^ [K{i;[md]) : K] ' ^^^ 

m monic 

where ij-a{') 'is the Mobius function on A, K{^[md\) is the md-division field of ip, and 

f [K{i^[md]) : CWk : F^] if [if (^[md]) n F^ : F^] | x, 

Cmd[X) ■■= < 

I otherwise. 

Moreover, the Dirichlet density of the set 

{peV^: di^p{ip) = d} 

exists and is given by 



meA 
m monic 
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[K{ij[md]) -.K]' 



*«<")- E wu^S^v <«) 



This is a large generalization of a result proven independently in |KuLi) . 

The essence of the proof of this theorem may be summarized as a Chebotarev Density Theorem for 
infinitely many Galois extensions generated by the generic Drinfeld module ^p: 

Theorem 2. Let q be a prime power, A := Fg[r], k :— ¥q{T), and K/k a finite field extension. Let 
ip : A — > K{t} he a generic Drinfeld A-module over K , of rank r > 2. Then, as x ^- oo, 

^ ^ipeV^p -.deg jip^ x,p splits completely in K{tp[m])} r^ TTxix) ^ \K(ibTm]) ■ K] ' 

m monic monic 

with notation as in Theorem]^ 

As a consequence of the techniques used in proving Theorems [T] and [21 we obtain the following analogues 
of the results of [Duj and |FrKu| in the case of a rank 2 generic Drinfeld module over K: 

Theorem 3. Let q be a prime power, A :— IFgi^], k := ¥q{T), and K/k a finite field extension. Let 
ip : A — > K{t} be a generic Drinfeld A-module over K , of rank 2. 

(i) Let f : (0, oo) — > (0, cxd) be such that lim f{x) = oo and f{x) < f Vx. Then, as x —}■ co, 

# j p e "Pv- : deg^ p^x, |d2,p(V')|oo > ^^^^-^ > ^ Tr^la:). 
Moreover, if there exists < 6 < 1 such that f{x) < ^ Vx, then the Dirichlet density of the set 

exists and equals 1. 
(ii) There exists an explicit constant c{ip,K), depending on -0 and K, such that, as x —^ cx), 

2. Notation and basic facts 
Throughout the paper, we will use the following notation and basic results. 

2.1. N, M, C notation. We use N for the set of natural numbers {1,2,3,...}, and R, C for the sets of real, 
respectively complex numbers. 

2.2. 0,^,0, ~ notation. For two functions f,g : D — > M, with _D C C and g positive, we write f{x) — 
0{g{x)) or f{x) ^ g{x) if there is a positive constant C such that |/(a;)| < Cg{x) for all x ^ D. If C depends 

on another specified object C", we write f(x) ~ Oc'{g{x)) or f{x) <Cc' g{x)- We write f{x) = o{g{x)) if 

f(x) fix) 

lim ——— = 0, and f{x) ^ g{x) if lim ) — 1 (whenever the limits exist). 

£c---i.oo g{x) a:->oo g(x) 
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2.3. Elementary arithmetic. Wc let q he a, prime power, fixed throughout the paper. Our implied O- 
constants may depend on q, without any additional specification. 

We denote by ¥q the finite field with q elements, by F* its group of units, by F^ an algebraic closure, and 
by T : X H- > a;"^ the q-th power Frobenius automorphism. 

As in Section 1, we denote hy A :— ¥q[T] the polynomial ring over F^ and by fc := ^q{T) = Quot(A) its 
field of fractions; we denote by A^^' the set of nionic polynomials in A. 

We recall that A is a Euclidean domain, hence the greatest common divisor, denoted gcd, and the least 
common multiple, denoted 1cm, exist in A. We recall that j^ plays the role of the "prime at infinity" of k, 
while the "finite primes" of k are identified with monic irreducible polynomials of A. We will simply refer 
to the latter as the primes of k. 

We denote the monic irreducible elements of A by p or i. We denote the primes of fc by p = pA, with 
p e A^^\ or by [ = lA, with i G A^^\ For such primes, we denote their residue fields by Fp, F[, and the 
completions of A, respectively of fc, by Ap, Ai, and fcp, fc[. 

For a G A, we use the standard notation: 

• dega for the degree of a 7^ as a polynomial in T, and degO := —00; 

• |a|oo:=g^'S"ifa7^0, and |0|oo := 0; 

• sgn(a) e ¥q for the leading coefficient of a; 

• /iyi(a) for the Mobius function of a on A; that is, using the notation a ~ sgn(a) • p^^ . . .pi* for the 
prime decomposition of a G Fq[r]\{0}, we have 

1 ifaGF*, 

HA{a):={ {-If if aGF,[T]\{0} andei =62 = ... = et = 1, 
otherwise; 

• [A/ a A)* for the group of units of A/aA] 

• 0yi(a) for the Euler function of a on A] that is. 

Ma) = #{A/aAy 

= #{a' G A\{Q} : deg a' < deg a, gcd{a, a'} =■ 1} 

vW 

• Q,\jr{AlaA) ■- {(ay)i<j,j<r : a^j G A/aA, det(ay)ij G (A/aA)*} . 
We record below a few arithmetic results needed in the proofs of our main theorems. 



Lemma 4. Let y E N. Then: 



qV+i _ 1 



aeA(l) ^ 

0<dcg a'^y 



V- 1 q^^^ - 1 

(ii > dega<y — . 

'^-^ a — 1 

aeA(i) ^ 

Proof. Elementary. D 



Lemma 5. Let y G N\{1, 2} and let a > 1. Then: 






y^ logdega ^ log y 

^ -^ / J ffOL dcg a 

dcg a>y 



^^ qadcga - (a- l)g(«-i)!'logg y(a-l)2g("-i)!/(logg)2' 



Proof. Elementary. D 

Lemma 6. Let a ^ A. Then 

deA otherwise. 

dla ^ 



Proof If aeF*, then 



If a^F* let 



d\a 1 



a = sgn(a) ■ p\^ ...pi' 
be the prime factorization of a and let 

rad (a) := sgn(a) ■pi...pt 

be the radical of a. Then 



d|rad (a) 



Note that, if F* = (u), then the divisors d \ rad (a) are of the form: u" for some l<Q;<g— l;or u'^pi for 
some 1 < a < 9 ^ 1 and some 1 < z < t; or u"pi-^pi.^ for some 1 < a < g — 1 and some 1 < ii < ^2 < i, and 
so on. For the first, there are {q — 1)(q) possibilities, for the second there are {q — i){l) possibilities, for the 
third there are {q — 1)(2) possibilities, and so on. In summary, we have 

J2 t^Aid) = E (9 - 1) (5) (-1)^ = iq-m- 1)* - 0. 

deA 0<i<t ^ ^ 

d|rad (a) 

This completes the proof. D 

Lemma 7. Let deA. Then 



Proof. We have 

J \p ^J'A{dl) _ 1 ■^ Y^ /a\ 1 

-1)2 ^_. Id.U " (q~1)^ ^.^,^^\n) 



did2\d a\d n\, 






(9-1)'^ He 
^ Vi 



|rf|oo' 

by also using Lemma [HI O 



Lemmas. Let d e A'^^K Th 



en 



E 

mn = d 



fJAJm) _ i-ir^'^UAirad (a)) 



where uj{d) is the number of all manic prime divisors of d (counted with multiplicities) and rad (d) is the 
radical of d. 

Proof. By multiplicativity, we have 

,-^ ^JAJm) ^ ^ 1^a[^) ^ 1 _ IpI^ _ (-l)-('^)0^(rad (a)) 

Z^ |„L_ 11 Z^ |„L_ 11 



,„ |n|oo W. ^^. |n|oo W. \p\L \d\ 

iii = d pt||d n|pt pt||d 



D 



2.4. A-modules. For A-modules Mi, M2, we write Mi ~^ M2 to mean that Mi, M2 are isomorphic over 
A, and Afi <^ M2 to mean that Mi is an ^-submodule of M2. 

For a non-zero finite A-module M, we let xi^^) be its Euler-Poincare characteristic, defined as the 
ideal of A uniquely determined by the conditions: 

(i) if Af ~A A/p for a prime ideal p of A, then xi^) ■— p; 
(ii) if -^- Afi ^ A/ ^ Af2 ^- is an exact sequence of A-modules, then x(M) = x(Ai^i)x(A/2). 

We let |x(M)|oo := |to|oo for some generator m e A of x(-^)- 

2.5. A-fields. We reserve the notation {L,5) for A-fields, that is, pairs consisting of a field L ^¥q and an 
Fg-algebra homomorphism S : A — > L. We recall that the kernel of S is called the A-characteristic of L; 
in particular, if KerJ = (0), L is said to have generic A-characteristic, and if KerS ^ (0), L is said to 
have finite A-characteristic. 



We denote by L an algebraic closure of i, by L'^'p the separable closure of L in L, and by Gl '■= 
Gal(i^°P/L) the absolute Galois group of L. We also denote by L{t} the skew-symmetric polynomial 
ring in t over L, that is, 



with the multiplication rule 



c^e L\/0<i<n,neNU{Q}} , 



0<i<n 



TC — c'^T Vc G L. 

For an element / e L{t}, we denote by deg^(/) its degree as a polynomial in r. We recall that L{t} is 
isomorphic to the Fg-endomorphism ring Endp {Ga/ L) of the additive group scheme Ga over L. 

2.6. Finite field extensions of k. We reserve the notation K for a finite field extension of k of genus 
gK- We denote by K an algebraic closure of K, by K^'^^ the separable closure of K in iiT, by K{t} the 
skew-symmetric polynomial ring over K, by Fjf the constant field of K (that is, ¥k = K Fg), and by F^ 
an algebraic closure of F^. We set ck '■= [^k '■ Fg]. 

By a prime of K we mean a discrete valuation ring O with maximal ideal Ai such that ¥k C O and 
the quotient field Quot(C') of O equals K. In particular, for a prime p of K, we denote by {Op,Aip) the 
associated discrete valuation ring, by F^ :— Op/Aip the associated residue field, by deg^ p :— [F^ : ¥x] the 
degree of p in K, by Fp an algebraic closure of Fp, and by F^p the separable closure of Fp in Fp. We make 
the convention that p satisfies pf] A = pA for some p G A^^") irreducible, and we denote this ideal by p. We 
set TOp :~ [Fp : A/p] and record the diagram: 



Fp:=Op/M, 



(9) 



dog if p 



Vk :- F,c^ 



Fp := A/p =Fgdcgp 




Hence the relationship between the | • joo-norm of a prime p oi K and its associated prime p = pA in k is 

Finally, for a finite Galois extension K' of K, we write Cp for the Artin symbol ("the Frobenius") at p in 
K'/K. 

3. Drinfeld modules 

3.1. Basic definitions. Let {L,5) be an A-field. A Drinfeld A-module over L is an F^-algebra homo- 
morphism 

iP: A — > L{t} 
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a I — > tpa 

such that: 

(1) for aU a £ A, D{'ipa) — S{a), where D : L{t} — > L, D \^ CiT^ = cq is the differentiation with 

yo<i<n J 
respect to x map; 

(2) ImtP^L. 

A homomorphism ip as above induces a nontrivial A-module structure on L, or, more generally, on any 
i-algebra J7; we denote this structure by ip{^). 

Associated to a Drinfeld A-module ip over L we have two important invariants, called the rank and the 
height. We define the rank of ip as the unique positive integer r such that 

deg^(^a) = rdega Va e A. 

If L has generic ^-characteristic, we define the height of ip as zero. If L is of finite A-charactcristic p = pA, 
we define the height of tp as the unique positive integer h such that 

min{0 <i< rdega : Ci.a{ip) 7^ 0} = /lordp(a) degp Va e A,a 7^ 0, 

where 

0<i<r deg a 

and ordp(a) := t with p* the highest power of p dividing a. 

For the purpose of this paper, the rank and the height are particularly relevant in determining the structure 
([5]) of the reductions modulo primes of a Drinfeld ^-module in generic characteristic. 

3.2. Endomorphism rings. Let {L, S) be an ^-field. Given V'l "0' • ^ — ^ L{t} Drinfeld A-modules over 
L, a morphism from ip to tfj' over L is an element / e L{t} such that 

f^Pa = ^'af Va e A. 

An isomorphism from -0 to tp' over L is an element f ^ L* such that f4>a = V'a/ Va e A. An isogeny 
from ■(/; to -0' over L is a non-zero morphism as above. Finally, EndL(7/;) and End-jj(0) are the rings of 
endomorphisms of "0 over L and over i, respectively. 
We remark that 

0(A) C EndL(0) C End;j;(0) 

and that isogenous Drinfeld modules have the same rank and height. 

For ease of notation, we shall henceforth denote the category of Drinfeld A-modules over L by 

DrinA(L). 
10 



Remark 9. The category Drin^(L) of Drinfeld A-modules over L may be defined in greater generality. 
Indeed, we may fix an arbitrary function field J(f and a prime oo of J(f . We then take jz/ as the ring 
of functions on J(f regular away from cx) and define the category Drin^(^) of Drinfeld ^-modules over 
j2/-fields ^ exactly as we did above. 

The endomorphism rings introduced here have important properties, such as: 

Theorem 10. ( [Gol Prop. 4.7.6 p. 80, Theorem 4.7.8 p. 81, Prop. 4.7. 17 p. 84], [Thl Theorem 2.7.2, p. 

50]; 

Let [L, 5) he an A-field with generic A- characteristic. Let ^ € Drinyi(L) be of rank r > 1. Then: 
(i) End-^('i/') is commutative; 

(ii) Endj^[ip) is a finitely generated projective A-module of rank at most r; 
(iii) if we denote by 

k' := End^(V') (g)A fc, 

then k' is a finite field extension of k satisfying [k' : k] <r. 

3.3. Division points. Let {L,5) be an A-field and let ^jj G Drinyi(i). Let a G yl\Fg. We define the 
o-division module of ^jj by 

V'[a]:={AeI:V'a(A) = 0}. 
When a = ^ is irreducible, we define the £°°-division module of -0 by 

^ [n := u v- [n ■ 

n>l 

Note that ■(/'[a] is a torsion A-module via V'- As we recall below, its A-module structure is well determined 
by a and ip. 

Theorem 11. [Rol Theorem 13.1 p. 221] 

Let (L, 5) be an A-field with A- characteristic p (possibly zero). Let tp G T>vvt\A{L) he of rank r > 1 and height 

h. Let I 7^ p be a non-zero prime ideal of A with { = (.A, and let e > 1 be any integer. Then 

^[t] ^A {Alt AY. 
If p = pA is non-zero, then 

V-M c^A {A/p^Ay-\ 

Corollary 12. Let {L,5) be an A-field with A- characteristic p (possibly zero). Let -0 G Drin^(i) be of rank 
r > 1 and height h. Let a G A\Fq and write the ideal aA (uniquely) as the product of ideals Oi, 02 of A such 
that ai is relatively prime to p and a2 is composed of prime divisors of p. Then 

^P[a] c^A {A/a,y ® (A/a^)'^-'' <a (A/ay. 
11 



Remark 13. Theorem [TT] and Corollary [T^] hold in greater generality. In particular, the results hold for a 
Drinfeld module 'ip G Drinc/(^), where ^ is the ring of functions on an arbitrary function field ,J(f which 
are regular away from some fixed prime in J^, and where ^ is any ^-field. 

The absolute Galois group of L acts on each i}}[a] and this action leads to the Galois extensions L{'tp[a]) 
of L, to be discussed in Section 3.6. 

3.4. Reductions modulo primes. Let {L,5) be an A-field and let -0 € Drinyi(L) be of rank r > 1. Let p 
be a prime of L. 

We say that ?/; has integral coefficients at p if: 

(1) Va e Op{T} Va e A- 

(2) %p ®Vp : A — > Fp{p}, defined by a i— > V^aCmodp), is a Drinfeld A-module over Fp (of some rank 
< ri < r). 

In this case, we also say that ijj ®¥p is the reduction of V' modulo p. 

We say that -0 has good reduction at p if there exists 0' e Drin^(i) such that: 

(1) ^' -K t, 

(2) ?/;' has integral coefficients at p; 

(3) tp' (X) Fp has rank r. 

For the remainder of this subsection, we assume that L — K is a finite field extension of k and that 
Tp G DiinAiK) has generic characteristic. There are only finitely many primes of K which are not of good 
reduction for V G DrinA(i^). As in Section 1, we let Vij, denote the set of (finite) primes of K of good 
reduction for ^p. 

Note that, for a prime p E V^/,, Corollary [T^ gives the structure ([5]) of the A-module tp{¥p). Indeed, ip{¥p) 
is a finite A-module, and since A is a PID, there exist unique polynomials di^p(V'), (^2,^(0), ■ • ■ , ds,p{'^) G ^ 
such that 

V'(Fp) -^ A/di,p(0)A X ... X A/d,,p(V')A, 

with di,p(V')|(ii+i,p(V') for all i = 1, . . . , s— 1. That s = r follows from the fact that ip{¥p) is a torsion module, 
and hence, by Corollary [T^l from the existence of some a e j4\Fg such that ipi^p) <a V'M <a (A/aA)''. 
The following analogue of the criterion of Ncron-Ogg-Shafarevich for elliptic curves holds: 

Theorem 14. [Takl Theorem 1, p. 477] 

Let K he a finite extension of k. Let tp € Drin^(ii') he of generic characteristic. Let p he a prime of K and 
let [ = iA he a prime ideal different from p :— p H A. Then -tjj has good reduction at p if and only if the 
Galois module '0[^°°] 'is unramified at p. Moreover, if ip has rank 1, then ^[t°^] is totally ramified at {. 

Note that while the last assertion of the theorem is not stated explicitly in [Takl Theorem 1, p. 477], it 
can be derived from its proof. 



Remark 15. The notion of good reduction can be introduced for a general 4' S Drin^(^), where s^/ is 
the ring of functions on an arbitrary function field J(f which are regular away from some fixed prime in J^, 
and ^ is a generic ^-field. Theorem [HI holds in this general setting also. 

3.5. Division fields. Let Khea, finite field extension of k and let -0 £ Drin^ (iiT) be of generic characteristic. 
For a e A, we define the a-division field of V' as iir(-(/'[a]). This is a Galois extension of K which plays a 
crucial role in our study of the elementary divisors of the reductions of ^}). We denote the genus of K{ip[a\) 
by Qa and the degree of the constant field of A'(-0[a]) over F^^ by Cq, that is, 

Ca■.^[K{i^[a])f^¥K■.^K]■ (10) 

Below are important properties of these division fields. 

Proposition 16. |Go' Remark 7.1.9, p. 196] 

Let K be a finite field extension of k and let tp € DrmAiK) he of generic characteristic. Let 

Then 

[K^^torsr\¥K :Fk] < (X). 
In particular, there exists a constant C(ip,K) G N, depending on K and ip, such that, for any a G A\Fq, 

Proposition 17. Ga, Corollary 7, p. 248] 

Let K he a finite field extension of k and let ■0 G T)i\nA{K) he of generic characteristic. Then there exists a 

constant G{ip,I'C) G N, depending on K and ip, such that, for any a G A\¥q, 

ga<G{^P,K)■[K{iJ[a])■.K]■dega. 

3.6. Galois representations. We start with a more general setting, as follows. Let J^ be a finitely 
generated field of transcendence degree 1 over Fg, let oo be a fixed prime of J^, and let jz/ be the ring of 
functions on J^ regular away from cx). Let ^ be a finitely generated extension of J(f. Let ip G Drin^(^) 
be of rank r > 1, automatically of generic characteristic. 

Using the general notions of division points on Drinfeld modules, for any non-zero prime [ of £/ we define 
the [-adic Tate module of ip by 

ri(0) :=limV'[n- 

This is a free ^[-module of rank r, where £/{ denotes the completion of £/ at [. Moreover, this module gives 
rise to continuous Galois representations 

Pi,^ : G^ -^ Aut^,(rt(V)) ^ GL,(£/(), 
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of the absolute Galois group Gse '■= G&\{^^'^'p / ^) of ^ . Here, jz/ := lim^/a, where a are non-zero ideals 
of £^ ordered by divisibility. 

These representations fit into a commutative diagram 



n GL,(M) 




GU(M) 



mod [" 



with TT denoting the natural projection and mod P denoting the reduction modulo [" map. 
Since the residual representation p{n^^ gives rise to an injective representation 

pv^,^ : Gal(^(V' [["])/=Sf) ^ GLr(^/l"i/), 

we immediately deduce the upper bound 

[^(V- [["]) : ^] < #GL,K/r^). 

This may be better understood using: 



(11) 



Lemma 18. Let £/ be a Dedekind domain whose field of fractions is a global field Jlf . Let a be a non-zero 
ideal of £/. Define 

|a|:=#(^/a). 

Then, for any r G N, we have 

[ prime 



log log I a| 
Proof. The lemma is obtained from [Br[ Lemma 2.2, p. 1243] and !Br', Lemma 2.3, p. 1244] 



D 



For the main results of this paper we require more precise information about the degree [Jif (tp [["]) : ^], 
which we deduce from the important results of R. Pink and E. Riitsche [PiRuj . More precisely, we first 
recall: 



Theorem 19. [FiRul Theorem 0.1, p. 

We keep the setting introduced at the beginning of Section 3. 6 and assume that 

End^(V') = ^■ 
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Then the image of the representation p^ is open in GL^ (■s^) , that is, 

I GLr [£/]: Im p^\ < cxd . 

In particular, there exists an integer ii^ijj,^) € N such that, for any non-zero a G £/ , 

\GLr{£//a£/) : Gal(^(V^[a])/^)| < il{^|;,^), 

and there exists an ideal Ii^ip,^) of .s/ such that for any non-zero a (£ £/ with {as/ , Ii{ip , ^)) = 1, 

Gal(^(V[a])/^) ^ GUK/fli^). 

Note that ij: may not have a non-trivial endomorphism ring. If ah endoniorphisms of "0 are actually defined 
over ^ , then the image of pt,^ lies in the centralizer CentrGL^(j^,) (End;gr(-!/')) • In this case, we focus on the 
representations 

P\,^ ■■ Gs£ — > CentrGL,(.t^,) (End^(V')) , 

P^ --G^ — ^ Jl CcntrcL, (.£/,) (End^(V')) , 
[5^00 

and recall: 

Theorem 20. |PiRul Theorem 0.2, p. 883] 

We keep the setting introduced at the beginning of Section 3. 6 and assume that 

End^(V') = End^(0). 

Then the image of the representation p^ is open in \\ CentrQL^j^,-) (End;^('0)), that is, 



Y[ CentrGL,(^,) (End-^(V')) : Imp^ 

Moo 



< CXD. 



In particular, there exists an integer Z2(V',-Sf) G N such that, for any non-zero a G .s/ , 

|CentrGL^(^/,^) (End^(0)) : Gal(if (V[a])/^)| < ^2{i^,^), 

and there exists an ideal /2(V',-2') of .s/ such that for any non-zero a (£ .s/ with {as/ , l2{ip , ^)) ~ 1, 

Gal(if(V[a])/if) ^ CentrGL.(^/a^) (End^(V)) • 

We will apply these results to deduce a lower bound for the degree [iir('0[a]) : K] of the a-division field of a 
generic Drinfeld module V' G Drin^(_R') of rank r > 2, where ii' is a finite extension of k. Before we state and 
prove this bound, let us recall the Drinfeld module analogue of the Tate Conjecture, proven independently 
in [Tagl] - [Tag2] and [Tam] : 
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Theorem 21. (The Tate Conjecture for Drinfeld modules) 

We keep the previous general setting ,J^ , s^ , ^ . Let ipi, 'ip2 & Drin^(^). Then, for any prime I of s^ , the 

natural map 

Hom^(V'i, V2) «)^ (M) — ^ Hom^jG^] (T[(?Ai),T,(V'2)) 
is an isomorphism. 

We are now ready to prove: 

Theorem 22. Let K be a finite extension of k and let tp G DimA{K) be of rank r > 2 and of generic 
characteristic. Let 7 :— rankA End;^(?/;). Then, for any a E A\¥q, we have 

«^,K [K{ij[a]) : K] < \a\^ 



log 7 + log deg a + log log q 

Proof. We will follow a strategy used in [Pi], as follows. Let A := F,ndj^{ip) and let F be the field of fractions 
of A. By Theorem [TOl all endomorphisms f € A are defined over a finite extension K of iiT. Thus, after 
identifying A with its image V'(^) ^ ^: we can extend V' ^ A — > K{t} tautologically to a homomorphism 

ijj -.A — > K{t}. 

This is again a Drinfeld module, with the difference that A may not be a maximal order in K. To fix this, 
we modify V' by a suitable isogeny, using results of D. Hayes |Ha) . 

Indeed, we let £/ be the normalization of A in K. Then, by jHal Proposition 3.2, p. 182], there exists a 
Drinfeld module 

V" : j/ — > K{t} 

such that tp\^ is iiT-isogenous to ip. Moreover, ip may be chosen such that the restriction ip\^ is defined over 
K. 

Now let J^ be the finite field extension of K generated by the coefficients of all endomorphisms in 
Endj^('i/;). By Theorem [21] all the endomorphisms of tp over K are defined already over K^'^^. Thus J{f is a 
separable Galois extension of K. Moreover, by construction, the Galois group Gal(^/A') acts on F, and, 
again by Theorem [211 it acts faithfully. 

Let 

4- : ^ ^ .Jf{T} 

be the tautological extension of tp. This is a generic Drinfeld module of rank 

r 
R:= - 

7 

satisfying End^(^) = End,j^(\I') = £/. By Theorem [20} the image of the representation 

p^:Gje ^Yl CcntrGLnC^ol-^^) - H GLfi(M) 
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is open. In particular, there exists an ideal /(^, J^T) of s^ such that, for any a G A with asii coprime to 
/(*, JT), we have 

Gal(jr(*[a])/jr) ~ GLi^(£//a^). (12) 

Since ^ is a Dedekind domain, by Lemma [TS] we deduce that, for any a as above, 



log log \ai. 



«,^ # GL^(^/a^) < |a^|« , (13) 



where |a^| := #{s^ jasi). 

Remark that ^{s^ jas^) = #{A/aA)'' = \a\2o- Therefore ^ and ^ imply that, for any a € A with 
a^/ coprime to /(^,^), we have 



<jr K(*H) : ^] < |aU • 



log 7 + log deg a + log log q 



Finally, recalling the construction and properties of ijj, ij) and \1/ in relation to ip, we deduce the upper and 
lower bounds stated in the theorem. D 

3.7. Arithmetic in division fields. Let K he a. finite field extension of k and let ?/; e T)tv[\a{K) of generic 
characteristic and rank r > 1. For a e ^\Fg, we consider the division field K{t]j[a\) and focus on providing 
useful characterizations and properties of the primes splitting completely in the extension K{ij}[a\)/ K. We 
start with: 

Proposition 23. (Characterization oj primes splitting completely in division fields) 

Let K he a finite field extension of k and let '0 G Drin^(iir) he of generic characteristic and rank r > 1. 
Let p e V^ and let m £ A^^' be such that gcd{m,p) — 1, where p D A — pA. Then 'ip{¥p) contains an 
isomorphic copy of [A/mAy if and only if p splits completely in K{'4j[m\)/ K . Consequently, given d G A^^' 
with gcd((i,p) = 1, we have that di^p{'>p) ~ d if and only if p splits completely in K{;ijj[d\)/ K and p does not 
split completely in K {;i]j[di\) / K for any prime £ £ A such that i ^ p. 

Proof. Let TTp be the Frobenius automorphism of F^. Note that Ker(7rp — 1) = ?/'(Fp). Since gcd(m,p) = 1, 
Theorem [TT] tells us that {ijj (E) ¥ p)[m] ~^ {A/mAy. Therefore, '(/'(Fp) contains an isomorphic copy of 
{A/mAy if and only if {ip (g) Fp)[m] <a i/'(Fp) = Ker(7rp - 1). 

If CTp denotes the Frobenius at p in K{ilj[m\)/K, then {i/j (E) Fp)[m] <a Ker(7rp — 1) if and only if 
tpi^ <A Ker (cTp — 1). This last statement is equivalent to cTp acting trivially on V'['7^], and hence to p 
splitting completely in K {iplm]) / K . 

D 
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Now let p e V^, and let { — lAhe & prime of k such that I ^ pH A. The characteristic poynomial of 
the Frobenius CTp at p, defined by 

P^^iX) :- det(X Id - p^,t(ap)) 

= X'' + ar-i.Jtp)X''~^ + ... + ai.p{tp)X + ao,p(7/;) G Ai[X], 

is very useful in describing further properties of p when it splits completely in a division field of K. We 
recall the basic properties of this polynomial: 



Theorem 24. [Gil Corollary 3.4, p. 193; Theorem 5.1, p. 199] 

Let K be a finite field extension of k and let ip G Drin^(iir) be of generic characteristic and rank r >1. Let 

p G 7^^ and let ( = (.A he a prime of k such that I 7^ pH A. Then: 

(i) P[ f^{X) G A[x]; in particular, P^i, ^{X) is independent of I, and, as such, we may drop the superscript 

I from notation and simply write P^,p{X). 

(ii) There exists Up(V') € ^q such that aQp^ip) — Up(V')p™'% where, we recall, m^ :— [Fp : Fp]. 

1 
(iii) The roots of P,p_p{X) have \ ■ \oo-norm less than or equal to \p\Sci- 

(iv) |ai^p(V')|oo < IpIoc" for all < i < r - 1. 

(v) P^^p{l)A = x('i/;(Fp)), where, we recall, x{4'{^p)) denotes the Euler-Poincare characteristic of 

The characteristic polynomial P^,p is relevant to the characterization of the primes splitting completely 
in a division field of ?A, as follows. 

Proposition 25. Let K be a finite field extension of k and let ^ G Drin^(iir) be of generic characteristic 
and rank r > 1. Let p G V^ and let a G A\¥q be such that gcd(a,p) = 1, where pH A = pA. If p splits 
completely in A'('(/'[a]), then a'"|P^^p(l). 

Proof. Let TTp be the |p|oo-power Frobenius on Fp. Since p splits completely in Kl-tpla]), a^ acts trivially on 
■0[a], and so (V' ® Vp)\d\ <a Ker(7rp — 1). Recalling the structure of the torsion of -0 ® ^p^ we deduce that 
"(/"(Fp) contains an isomorphic copy of {A/dAy . By taking the Euler-Poincare characteristic and by invoking 
part (v) of Proposition [Ml we then deduce the desired divisibility relation. D 



By combining Proposition [25] with the results of [He] providing a Drinfeld module analoque of the Weil 
pairing for elliptic curves, we obtain: 

Theorem 26. (Properties of primes splitting completely in division fields) 

Let K be a finite field extension of k and let ip G Drinyi(A') be of generic characteristic and rank r > 2. 
Then there exists ip^ G Drinyi(_R'), of generic characteristic and of rank 1, uniquely determined up to K- 
isomorphism, such that: 
(i) V^CV^i; 
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(ii) for any p G V^i,, the characteristic polynomials of ip and ip'^ at p satisfy the relation: 
P^,p{X) =X'- + a,_i,p(V')X'-i + . . . + ai(VA p)X + Mp(7/;)p"-, 

P^i,^(X)=X + (-l)'-iup(^)p'"-, 

for some Up(ip) € F* ■ 
(iii) for any p € V^ and any a G j4\Fq coprime to p, where p f] A ^ pA, we have that, if p splits 
completely in K{'il)[a\), then: 
(iiil) p also splits completely in K{%lj^[a]); 

(iii3) a|P^i^p(l). 
Proo/. See [CoShl Proposition 10]. D 

4. The Chebotarev density theorem 

Let X be a finite field extension of k and let K' /K be a finite Galois extension. In this section, we recall 
an effective version of the Chebotarev Density Theorem for K' /K , as proven in (MuSc) . 

Let gx' and g^ be the genera of K' and K, respectively, and let ck' denote the degree of the constant 
field ¥k' of K' over F^^:, that is, 

CK' ■.= [K'r\¥K.^K]- 
Let 

D:= ^ deg^ p. 

p ramified in K' / K 

Let a; G N and set 

n(a;; K' / K) := 4f{p unramified in K' / K : deg^ p = x}. 

For C C Gal{K' / K) a conjugacy class, set 

Ilc{x; K' /K) := i^{p unramified in K' / K : deg^ p = x,(jp — C}, 

where CTp is the Frobenius at p in K' / K. Note that, in particular, ni(x; K' /K) denotes the number of degree 
X primes of K which split completely in K' . Let ac G N be defined by the property that the restriction of 
C toFx' is T°"^. 

Theorem 27. |MuSc| Theorem 1, p. 524] 
We keep the above setting and notation. 

(i) Ifx^aci^oAcK-), thenUc{x;K'/K) = 0. 
(ii) If X = acijnodcK'), then 



Uc{x; K'/K) - CK'|^n(x; K'/K) 



,.,,,gi^,.„,,,i,lc|if + (, + M,,. 
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Our main application of Theorem [57] is when K' is a division field of a generic Drinfeld module ip € 
T>i\nA{K) and when C — {1}. For ease of understanding, we record a restatement of this theorem in our 
desired setting: 

Theorem 28. Let K be a finite field extension of k and let tp G Drin^(iir) be of generic characteristic. Let 
a e A\¥q. Let x G N and define 

{c„ if c„\x, 
else, 
where Ca denotes the degree of the constant field extension of K{^l;[a\) overFpc (see ilO\) ). Then 

n.ix;Kma])/K) ^ J^^^^^ • ^ + O,,. (^dega) . 

Proof. Using the effective Prime Number Theorem for K (see ([6])) and Theorem [27] with K' = K{ip[a]), 
C = {1}, and hence with ac = 0, we obtain 

n,feA-(*W)/AO . t^,;,!;^ r,f '-^ + °({'0'- |;,(,,H) -. k] + '^'^^ + ")-? + (' + ;) "] 

where 

D := Y^ deg^ p. 

p ramified in K(,Ha])/K 

By Theorem UM D <^k dcga. Combining this with Proposition [T71 we obtain 

x + \ , 
H • dega 

X 

«K G(V^,i^).^-^.dega. 

X 

D 
5. Proof of Theorems [I] and [2] 

Let K/k be a finite field extension and let V' : ^ — > ^i'''} be a generic Drinfeld A-module over K, of 
rank r > 2. Let d e A^^). For a fixed x eN, let 

S!{tp, x) := #{p e 7^^ : deg^ p = x, di,p(-0) = 4- 

Our first goal is to derive an asymptotic formula for this function, as a; — ?> oo. 

We start by noting that, for any prime p e V^ such that gcd(d,p) ~ 1 (where, as usual, pH A ~ pA), we 
have d = di,p(-0) if and only if V^F^) >a {A/dAy and tp{¥p) ^a {A/UAf for all primes i S A^^). Hence, 
by the inclusion-exclusion principle and by Proposition 1231 

^(^,a;)= Y. t^A{m)Iii{x;K{^[md])lK), (15) 

dcg tn<.—^ — 
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where, for square-free m, the field extension K^iplmdD/K is obtained via field composition 

Y[ K{il;[M]) = K{i:[\cm{M : i\m}]) = K{ij[md]), 

£ prime 

and where, we recall, 

ni(x; K {^p[md\) / K) := #{p G V^ : degj^ p — x,p splits completely in K {tplmdl) / K} . 
The range of deg m in the summation on the right-hand side of (jlSp is derived from the restriction 

{A/mdAY <A ^(Fp), 
hence from the divisibility relation 

obtained by taking Euler-Poincare characteristic on both sides. Indeed, since |x(^(Fp))|oc = |p|oo — q'^'^^, 
the above gives 

, , CKX 

degm < . 

r 

The obvious tool in estimating ^{ip, x) is the effective Chebotarev Density Theorem (Theorem 1^5)) . How- 
ever, for r = 2, this is insufficient. As such, we split the sum into two parts, apply Theorem 1281 to the first, 
and find a different approach for the second. To be precise, we write 

&{2p,x) ^ ^i{tP,x,y) + ^2{i',x,y) (16) 

for some positive real number y = y{x), to be chosen optimally later, where 



degm<y 



and 



U^,x,y):= J2 t^A{m)n,{x;Ki^j[md])/K). 



y<deg m< ^ 

By applying Theorem [55] and Lemma 01 we obtain 

degm<y 

Now let 

7 :— rank^ End-j^('(/'). 

By Proposition [TBI Theorem [22l and Lemma [5] we obtain 

-^ fiA{m)cmd{x) ^^ ^-^ log deg (md) -I- log log q ^^ log y 

(1) ^ ^^^ '^ ' meAW q 1 qyi ^ logq 



meA 

dog m > y dog TTi > y 
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Thus 

To estimate ^2 ("05 2;, y) from above, we m.ake use of van der Heiden's construction of the analogue of the 
Weil pairing for ?/;, as well as of the average over m. More precisely, we appeal to Theorem 1261 and rely on 
the properties of the rank 1 Drinfeld A- module ^^ e T>x\x\a{K) associated to t/i, as follows. 

By part (iiil) of Theorem[26l if p splits completely in K{\\}\md}\) j K , then p splits completely in K{;\\?-^d\) j K . 
Using the characteristic polynomials at p associated to i/' and V'^i by part (ii) of Theorem [5S1 this implies 
that 

and 

md|l + (-lrlup(V'>'"^ 
where, we recall, 

Pp,^(X) =. X'- + a,_i,p(V')X''-i + . . . + ai,p(V')X + Up(7^y"- e A\X\ 

with Up{ijj) G F* and where we define 

ap(?/') := ttr^i^piip) + . . . + ai_p(V'). 

By part (iv) of Theorem [241 we obtain that 

degap(?/') < . 

Therefore 

^2(0, x,y) < E E E E 1- 

j/<dcgm<-^^ dega< ''' y^"" deg^ p=a; 

m''d'"jH-ap(i/')+Mp(i/')p'"P 
md|l+(-l)'-^Up(j/;)p'"P 

To simplify notation, let us define, for each a & A, 

2 + a for r even, 
a for r odd. 

Thus 

^2(^,x,y)< E E E El- 

i/<dcgm<^^ dog a< ■!-^— ii^i^ dcg^ p=a: 

md|a nrd'^ll+a+up^P 

We now consider the innermost sum above. Using diagram (|9]), we see that 

degp™*" = TUp degp = cr deg^ p = crx. 
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We also see that, by part (i) of Lemma 21 for fixed a G A and u E ¥* there exist at most qi^KX-r dcgm+i 
primes p E A oi degree ^^^ such that m^\l + a + up^if . But there are at most [K : k] primes in K lying 
above a fixed prime p E A. Therefore 



J2 1 <J^ qC^x-rdesrn+l ^ ^. 



x — rdcgrn+1 ^^ cj^x—r dcgm 



degjf p=x 
,'"|l+a+Mp™i!' 



Continuing, we deduce that 



2{tp,X,y) <^K.,d X! X! X! ^ 



CKX — r dcgni 



y<dGgm<^-Ki: doga<- 



i\a 
CKX y^ -rdogm V^ V^ ^ 

y<degm<^it^ dog a<i^-^i2i^ 

7n|a 
I flCKa: y^ -rdcgm V^ V^ ^ 

„g^(i) new; aeA 

y<degm<^ dega< ''' l"'^" 

6=0 



To estimate S!2,i{ip,x,y) from above, we note that 



which, by part (i) of Lemma U and part (i) of Lemma [SI is 



^ „CKX + 1 y^ „-rdcgrn ^-K dcgm ^ - 



-ry 



y<dcg m< — ^ — 

To estimate ^2,2 ("0) 2;, y) from above, we note that its innermost sum has only one term, hence, by part 
(ii) of Lemma O 

^2,2(V',^,y)«9'"""<""''^. 

Combining these estimates, we obtain that 

(2r-l)c_ffX 



&2{^,x,y)^K,dq '- " ~-y + q-'<-(-^')y. 

Plugging this back into p6|) and appealing to ([19]), we deduce that 



^(v,,.) ^ s^ y: ^■^("^)^™''(^) 



X ^ [K{ij[md]) : K] 

f q^+yy \ ^ ^ ( l^_^_l]^iy \ _^ n ('^^^^^^^^~ry,c^x-ir-l)v\ 
'<J-4),K,d I I + 'JiIkK i + 'JK,d [q ' " + g '^ ^ '" I 
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Finally, we choose y as follows: 

f ^rf^CKX if r = 2,3, 
y := <^ 2r(r+l) ^ ^21) 

[ ^CKX if r > 4. 

With this choice, we obtain the effective asymptotic formulae: 

!Ov;jcd (g^^ j ifr = 2, 
0^,K,4<Z - j ifr = 3, (22) 

This completes the first part of Theorem [TJ 

Remark 29. 

(i) Formula i22\) is stronger than the asymptotic formula Qj stated in Theorem\^ as it provides us with 
explicit error terms. Moreover, these error terms carry significant savings in powers of q'^^^ . 

(ii) For r> A, the splitting of ^{ip,x) into two parts, as in I116\) . is unnecessary. The proof of Theorem 
[7] in this case is solely an application of the effective Chebotarev Density Theorem for the division 
fields of ijj. 

(iii) For r — 3, the splitting of &{ip,x) into two parts, as in JjlOj). is also unnecessary in order to obtain 
the asymptotic formula ^. In our proof, we do so in this case in order to obtain a saving in the final 
error term: O^^K,d [Q '^ ) using il6\l and the approach therein for estimating &2\4'}X,y), versus 
O^^K,d (q ^ ) using only the effective Chebotarev Density Theorem (and the choice y :~ ^ckx). 

(iv) The error terms in I12S\) may be improved with additional techniques. For example, for the case q 
odd, r = 2, J = 2, and K ^ k, in [CoSh] we proved the formula 

a,t I \ 9"^ Y^ /M(m)c„rf(a;) / 3.\ 

Our second goal is to prove that the Dirichlet density of the set {p G V^ : di^p{ip) — d} exists and equals 

> 7 — ; — : 77 7. For this, let s > 1 and consider the sum 

f- [Kii;[md]) : K] 



J2 q~scK dcg^p ^ ^g-^=^^(V>,x) 






^iA{m) ^ g(i-^^"^"c™d(a;) 



,, imimd]) : K] 2-.^ -^ + ^^^- \^' I '(^^) 



mgyl(i) ^ ^^ ^ " ' x>l \x>l 



where we used (l22l) with 



5 
6 


ifr = 2. 


19 
24 


if r = 3, 


r+2 
2r 


if r > 4. 



(24) 



24 



By the definition ([H]) of c„id{x), (1^ becomes 



E 



■E 



„{l-s)cKC,„dj , . . 



Since s > 1, tliis may be written as 



0^M\J2'i^ 



,x>l 



MA (to) 



^ \KMmd]) : K] 



lot 



(l - g(l-^)«='"<i') + 



o 



i',K 



q{9{r)-s)cK 
I _ q{9{r)-s)cK 



We now calculate 



E 



-SCK deg 



,. <Ji,p('/')=<i 

Imi -, : — r- = Imi 

s-^i+ -log(l - g(i-*)=-^-) s^i+ 



+ O^^K 



E 



^J.A 



(m) \ log (1 - qi^-^hKCm^^ 



■leA(i) 



'^^^ [if(V'[md]) : K] I log (1 - g(i-'')=if ) 



9 



(e(r)-s)cA' 



E 



(l - q(S(r)-s)cK'j log (l - g(l-s)cA-) 
MA (to) 



- [i^(V'M]):i^]' 

m^Ati) 

after an application of I'Hospital and elementary manipulations. This completes the proof of Theorem [TJ 

The proof of Theorem [2] proceeds in the same way as that of the first part of Theorem [U after replacing 
with 1 the factor ma (to) appearing in (fTS]). and, henceforth, in ^i{'ip,x,y) and &2{i^,x,y) of (flBj) . 



6. Proof of Theorem [3] 

Let K/k be a finite field extension and let V' : ^ — S' ^i'''} be a generic Drinfeld A-module over K, of 
rank 2. Let 7 :— rankyi Endj^(V')- 

(i) Let / : (0, 00) — > (0, 00) be such that lim f{x) = 00 and f{x) < | Vx. For a fixed x G N, let 



£{'ijj,x) := #<^ pe -P^ : deg^p = x, |d2,p(V')|oo > 



IpIc 



q<=Kf{x) 



e{ip,x) := ^ } p e 1^-4, : deg^ p = x, |d2,p('0)|oo < 



and 



qCKf{x) 

Our goal is to derive an asymptotic formula for £('0, x), as x — )■ 00. More precisely, our goal is to show that 
£{ip, x) '^ t:k{x), which is equivalent to showing that 

e{i^,x) = 0(71^(2;)) . 



We start with the partition 



deA(i) 



E 

25 



and remark that, as in the deduction of (jlSp in the proof of Theorem[Tl the condition d\di^p{'>p) imposes the 
restriction degd < ^^. Moreover, the conditions di,p{'ip) — d and |d2,p(V')|oo < l^n^) ' coupled with the 
remark 

IpIoo = |x(^(IFp))|oo = |rfl,p(V')|ooM2,p(V')|oo, (25) 

impose the restriction cxfix) < degd. Thus 

deAW deAW 

by also using Proposition [23l Using Theorem [2] for the range deg d < ^^ and Theorem [28] for the range 
degd < CKf{x), the above is 

= -r J^^^ [Kim) : K] + ^^^^ l'^ ^ J + ^'^'^ 1^ -. J ■ ^'') 

Reasoning as for (|18l) in the proof of Theorem [U the first term becomes 

X 

Since lim f{x) — oo and f{x) < f , we deduce that e{ip,x) — o(7r;f(x)). 

Remark 30. The same proof can be carried through in the case r — 3, leading to a weaker result. For 
r > 4, however, one will need a more careful analysis that also takes into consideration the behaviour of the 
intermediate elementary divisors. 

We now show that, when there is < < 1 such that /(x) < ^ for all x, the Dirichlet density of the set 
{peV^,: Ma.ploo < g.Jnt,^^> } equals 0. 
Let s > 1 and consider the sum 



"^T^ X>1 



« yi' y ^A^ + yq{i-s)c.x y 

^ X ^ \Kmd\) : K\ ■^^ ^ X 

=: T1+T2+T3, (27) 



where we also used the prior estimate ([26j). 
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First we focus on Ti. By the definition of Cd{x), we obtain 

J1-s)ckx 



T^ = E 



= E 



E 



Cd{x) 



deA(i) 



[K{ij[d]) : K] 



E 

cj^/(cj d)<dcg d< - 



j[K{i,[d\) : KY 



(28) 



Let Af > 0. Since lim f{x) = cx), there exists n{M) £ N such that f{n) > M for all n > n{M). We 

a;— foo 

split the inner sum in (j28p according to whether c^j > n(M) and c^j < n(M), and consider each of the two 
emerging sums separately. 

By the above and Theorem [22l we have 



Ti, 



q{l-s)cKCa3 

Cd3>"(Af) 



^ E E 



q 



{l-s)cKCaj 



3>1 
Af <dcgd< "'^^'i' 



j[K{,p[d]) : K] 



logdegd .(-^ g(i-s)cj<cdj 






deA(i) M|c 

c^A/<deg d 



3>1 

dJ>"(M) 



Since s > 1, the latter becomes 

log deg d 



E 

c/^ A/<dcg d 



-log('l-g(i-")"'^"'') + ^ 



,(l-s)citCij 



l<j<n(A/)-l 



By Lemma m this is 



< 



log(cKM) 

,(^-1)^-^10: 



which gives that 



We also have 



gq 



lim 



log (l - q^l-'*)"'^"'*) + J2 



Jl-s)cKCdj 



Ti. 



< 



l<j<n(A/)-l 



log (cifM) 



s^l+ -log(l - (jf(l-s)cR-) g3cKMlogq 



a finite sum. Since lim 



^1,2 


- >; 




deA(i) 


g(i- 


-s)ck-Q 



E 



Cd3>"(*0 
= K/(<:dJ)<dogd<^.K|ii 



„(l-s)cKCdi 



1+ log(l -g(l-s)cA-] 



= for any a e N, we deduce that 



Tia 



s^l+ - log (1 - g(l-'*)cA' j 
27 



= 0. 



(29) 



(30) 



By taking Af — > cx) and by using (P^ and ([5(7|) . we obtain that 



lim 



s^l+ - log (l - g{l-s)cA-) 



(31) 



We now focus on T2 and note that 

T2 



lim -, 7- — ^ — r- — — lim 

s^i+ -\og(l- q{^-^)^K) 8^1+ 



(f-s)c/c 



) ^^1+ (1 - g(i-^)^^) log (1 - qi^~^)-'<) 



==0. 



(32) 



It remains to focus on T3. Recalling that now we are assuming that there exists Q < 9 < 1 such that 
/(x) < ^ Vx, we see that 



E 



(i-s)c/c2;+Cic/(2;) j/^-j 



lim 



^3 _ . x^ 

1+ - log (1 - g(l-'*)c^-) ^ s^l+ log (1 - 5(1-")=/-) 



< 



^9(*+^-^) 



lim 



s^i+log(l-g(i-'')=^<) 



lim 



(i+e-s)cK f 1 _ ^(5+e-'*)cif 



s^l 



+ l0g(l -9(1-'s)ck) 



By combining ((271) with ([ST]) - ([331), we obtain 



E 



-sc/c dcg^ ( 



d2,p('/')loo< 



lim ■ 

s-)-l+ 



Cit /'fdcg^ p) 



log(l -g(l-'5)cA-) 

This completes the proof of the first part of Theorem [3] 
(ii) By using ([25]) and Lemma [71 we obtain 

1 



E M2,p(V)|c 






E 



- '^^-^ E E 



di,p{'ip)\oo 



ni{x,K{^j[d])/K), 



deAW 

dcgd<^ 



^7^ = d 



(33) 



where, in the last line above, we also applied Proposition!^ 

We proceed as in the proof of Theorem [T] and split the sum over d into two parts, according to whether 
degd < ^^ and ^^ < degd < ^^ (recall the choice of the parameter y made in ([21])). More precisely, by 

1^ 

\d\, 



using Lemma[8]and the upper bound ,^1 ' < 1, as well as the same reasoning as for estimating ^i{ip,x,y) 
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and S>2{4', X, y), we obtain 

deA(i) mn=d ' '°° de/l(i) ^ ^^ ^^ "' ™,,>eA(i) ' ' 



i = d 



and 



E E ^n,(.,irwd])//o«,^. 



This proves the asymptotic formula 

and completes the proof of the second part of Theorem |31 

Remark 31. As with Theorem]^ ^34\ l is stronger than the asymptotic formula stated in part (ii) of Theorem 
O as it provides us with explicit error terms. Moreover, when q odd, r ~ 2, 7 = 2, and K = k, the methods 
of [CoShj lead to the improved formula 

1 Y^ i, .,., q^ Y^ Cd{x) -^ liA{m) / 3^\ 



deg p=^ 



7. Concluding remarks 



Remark 32. Our main results have been motivated by the study of the elementary divisors of the reductions 
of an elliptic curve E over Q. One could summarize the emerging tool used for proving ^ and (jl]) as a 
Chebotarev Density Theorem for infinitely many number fields, namely as 

Y,*{P<x: p splits completely in Q{E[m])IQ} ^ tt{x) ^ (35) 

mSN mGN '-^^ ^^'' ' ^^ 

unconditionally if End^(£^) 9^ Z ( [Mu| ) and provided a |-quasi GRH holds otherwise f |Col) ). One could ask 
what the error terms in the asymptotic psp are, a question that has already been investigated in relation 
to the study of the distribution of di,,p{E) (see |Co3] for a survey of results). The best error terms are 
obtained under the full strength of GRH and are Ob (x^ (log a;) 2 j if EndQ(i?) 9^ Z, and 0^ (xi(\ogx)3 j 
if EndQ(£') ~ Z (see |CoMu) ) . Our present Theorem [2] may be viewed as the Drinfeld module analogue of 

dSSD- 

Remark 33. Before investigating the Drinfeld module analogues of ^, ^ and ([55]) . it is natural to 
consider their analogues in the context of an elliptic curve E over a global function field ,J(f. This is precisely 
the content of [CoTo] . where the authors make use of the properties of the division fields of E/J^, due to 
J-I. Igusa, to derive the exact analogues of ^, ^ and ([55]) . For clarity, they essentially prove that, given 
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a function field J^^, with field of constants Fg, and given an elliptic curve E over J^, with j{E) ^ ¥q, then, 
for any x G N such that x — > oo, 



2_. H^{p G Spec(^) : degj^(p) — x,p splits completely in ^(_E[m])/J^} — — 2_\ 



mGN 



X f;^, [Jf{E[m]) : X\ 

+ OB,je,e I ^-^ 1 , (36) 

for any e > 0, where ,J^{E[m]) denotes the m-division field of E and Cm is defined by .J/ff {E[m]) r\¥ q = ¥qc,„ . 
The asymptotic formula (1361) is unconditional and is a direct consequence of the effective Chebotarev Density 
Theorem for function fields, no extra sieving being required. This special simplification occurs thanks to the 
inclusion ^Fgc™ C J(f[E[m\), and hence to the emerging strong restriction m\q^ — 1 in the sum over m 
needed to be investigated, which does not happen when studying the same problem in the context of elliptic 
curves over number fields or of generic Drinfeld modules. 

Remark 34. In view of the above remarks and parallels between the different settings, it is natural to ask 
what the best error terms in the asymptotic p2|) leading to Theorem [3] might be. For r > 4, our methods 
give rise to a dominant error term O^.K.d ( q ^? j , which, as r — >■ oo, is of the same order of magnitude 
as the one in (j36p and as the best error term with respect to x in the standard Chebotarev Density Theorem 
[55] applied to one (or finitely many) field(s). But what is the true order of magnitude of the error term for 
small rl When r = 2, we obtain O^^K,d ( q^'^'^^ ) , which is the exact analogue of the (conditional upon GRH) 
error term in (j35p . However, by making better use of the properties of Drinfeld modules with a non-trivial 
endomorphism ring, in |CoSh) we succeed in lowering this error term to O^^K,d ( 9*^ ) if i/' G Drin^(fc) has 
rank 2 and is such that End^r('(/') is a maximal A-order in a field extension of k of degree 2. We plan to 
investigate other cases in future work. 

Remark 35. It is natural to investigate the positivity of the constants S^p^xid) and c(ip,K) appearing in 
Theorems [T] and [31 The methods involved for such a study are of a completely different nature than the 
ones used in the present paper and as such will be addressed in future work. Nevertheless, one can already 
exhibit Drinfeld modules for which some of these densities are positive. For example, the Drinfeld module 
■0 e Drin^(/c) defined by 

^I:t = T + t- r9- V2 

was carefully studied by D. Zywina |Zy| , who showed that p^ has image as large as possible. Consequently, 
one deduces that 

£ prime 

Finally, a positivity criterion for the density in Theorem [2] for d £ F* and tp having a trivial endomorphism 
ring was also investigated by W. Kuo and Y-R. Liu in |KuLi| Theorem 3, p. 4]. While we suspect that their 
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criterion is true, the argument given by the authors contains an error which seems difficult to fix. Indeed, 
the conclusion of [KuLii Lemma 14, p. 13] is correct provided that the hypothesis is stronger than that 
stated: in their notation, one should have K' , n K' , = K for any (not necessarily prime, but coprime) 
to'^, m'^ composed of primes of C . This hypothesis makes the argument of |KuLi[ Lemma 15, p. 14], hence 
also the one of [KuLil Theorem 3', p. 13], incomplete. 
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